Let L be a complete lattice. In a manner analogous to a commutative ring, we introduce and investigate the L-fuzzy multiplication modules over a commutative ring with non-zero identity. The basic properties of the prime L-fuzzy submodules of L-fuzzy multiplication modules are characterized.
Introduction
The idea of investigating a mathematical structure via its representation in simpler structure is commonly used and often successful. The representation theory of multiplication modules over a commutative ring has developed greatly in the recent years. Among the most interesting modules are multiplication modules because, for example, they are top module (an R-module M equipped with Zariski topology is called top module, see [13] ). Let R be a commutative ring and M an R-module. Then M is called a multiplication module if for each submodule N of M , N = IM for some ideal I of R. In this case we can take
In the present paper, we introduce and study the L-fuzzy multiplication modules over a commutative ring with non-zero identity. There are many basic open questions concerning the L-fuzzy module theory. The most essential one among them is to know whether or not an L-fuzzy P-module is a P-module and vice versa. We give a condition giving an affirmative answer to these questions. Our main purpose is to establish a connection between the L-fuzzy multiplication modules (resp. the L-fuzzy Noetherian modules) and the multiplication modules (resp. the Noetherian modules) over a commutative ring. In Section 3, we introduce the L-fuzzy multiplication modules and make an intensive study of this notion. It is shown that, in Theorem 10, an R-module M is a multiplication module if and only if M is an L-fuzzy multiplication module (so it is top module). Also, we introduce L-fuzzy Noetherian modules and show that every L-fuzzy Noetherian module is a Noetherian module (Theorem 8), but the converse is not true. In Section 4, we introduce the notion of L-fuzzy radical of an L-fuzzy submodule of an L-fuzzy module over a commutative ring. Finally, in Theorem 21, we formulate the L-fuzzy radical of L-fuzzy submodules of an L-fuzzy multiplication module.
Preliminaries
Throughout this paper R is a commutative ring with non-zero identity, M is an unitary R-module, and L stands for a complete lattice with least element 0 and greatest element 1. Let 0 M denote the zero element of M . In order to make this paper easier to follow, we recall in this section various notions from fuzzy commutative algebra theory which will be used in the sequel.
An element α, α = 1, is called a prime element in L if for all a, b ∈ L such that a ∧ b ≤ α, then either a ≤ α or b ≤ α. Given a nonempty set X, an L-fuzzy subset µ is a function from X to L. We denote by F (X) the set of all L-fuzzy subsets of X. For µ, ν ∈ F (X) we write µ ⊆ ν if and only if µ(x) ≤ ν(x) for all x ∈ X. Also, µ ⊂ ν if and only if µ ⊆ ν and µ = ν. Let µ ∈ F (X) and t ∈ L. Then the set µ t = {x ∈ X : µ(x) ≥ t} is called the level subset of X with respect to µ. By an L-fuzzy point x r of X, x ∈ X, r ∈ L \ {0}, we mean x r ∈ F (X) is defined by
If x r is an L-fuzzy point of X and x r ⊆ µ ∈ F (X), we write x r ∈ µ. We let χ A denote the characteristic function of a subset A of X. The following are two very basic definition given in [12] .
Then µ is called an L-fuzzy R-module of M if for all x, y ∈ M and for all r ∈ R,
Let L(M ) denote the set of all L-fuzzy R-modules of M and LI(R) denote the set of all L-fuzzy ideals of R.
Definition [3, Definition 2.5]. For a non-constant γ ∈ LI(R), γ is called an Lfuzzy prime ideal of R if for any L-fuzzy points x r , y s ∈ F (R), x r y s ∈ γ implies that either x r ∈ γ or y s ∈ γ.
Let ν be an L-fuzzy submodule of µ. Then ν is called an L-fuzzy prime submodule of µ if for r t ∈ F (R), x s ∈ F (M ) (r ∈ R, x ∈ M and t, s ∈ L), r t x s ∈ ν implies that either x s ∈ ν or r t µ ⊆ ν.
In particular, taking µ = χ M , if r t ∈ F (R), x s ∈ F (M ) we have r t x s ∈ ν implies that either x s ∈ ν or r t χ M ⊆ ν, then ν is called an L-fuzzy prime submodule of M .
(ζµ)(x) = ∨{ζ(r) ∧ µ(y) : r ∈ R, y ∈ M and ry = x}. 
The L-fuzzy submodule generated by the L-fuzzy subset µ is denoted by < µ > and defined by < µ >= {ν :
L-fuzzy multiplication modules
In this section we list some basic properties concerning L-fuzzy multiplication modules over a commutative ring. We begin with the key definition of this paper.
Definition. Let M be a module over a commutative ring R. M is called an Lfuzzy multiplication module provided for each L-fuzzy submodule µ of M , there exists ζ ∈ LI(R) with ζ(0 R ) = 1 such that µ = ζχ M . One can easily show that if µ = ζχ M for some ζ ∈ LI(R) with ζ(0 R ) = 1, then µ = (µ :
In [7] it was proved that an R-module M is a multiplication module if and only if for each m in M there exists an ideal I of R such that Rm = IM . Now, we have the following proposition for L-fuzzy multiplication R-modules.
Proposition 5. An R-module M is an L-fuzzy multiplication module if and only if for each
Proof. The necessity is clear. Conversely, suppose that for each x ∈ M and a ∈ L, there exists ζ ∈ LI(R) with ζ(0 R ) = 1 such that < x a >= ζχ M . Let µ ∈ L(M ) and x ∈ M . There exists a ∈ L such that µ(x) = a, so x a ∈ µ; hence < x a >⊆ µ by definition. By assumption, there exists ζ x ∈ LI(R) with ζ(
for every r ∈ R. Thus ζχ M ⊆ µ by Theorem 4. For the other containment, assume that m ∈ M . There exists a ∈ L such that µ(m) = a, and hence m a ∈ µ.
and so we have the equality.
Proof. By [12, Theorem 4.5.2], we have
On the other hand, for each y ∈ M , by definition we have
Let us now define a basic concept and new properties of them over commutative rings.
Definition. An R-module M is called an L-fuzzy Noetherian module, if every ascending chain of L-fuzzy submodules in M is stationary. 
an ascending chain of L-fuzzy ideals of R. By assumption, there is a positive integer t such that (µ t : χ M ) = (µ t+s : χ M ) for every positive integer s; hence µ t = (µ t : χ M )χ M = (µ t+s : χ M )χ M = µ t+s for every s, and so the chain is stationary.
In the next theorem, we show that the notion of L-fuzzy Noetherian Rmodule is a generalization of the notion of Noetherian R-module.
an ascending chain of L-fuzzy submodules of M ; so there exists a positive integer n such that µ n = µ n+k for every positive integer k. Now we show that N n = N n+k for all k. Let k be a positive integer and x ∈ N n+k . So µ n (x) = µ n+k (x) = 1. Hence x ∈ N n . Thus N n ⊆ N n+k ⊆ N n , and so we have the equality. Therefore M is a Noetherian R-module.
Example 9. Let M = R denote the field of real numbers with the usual addition and multiplication, and let L = [0, 1]. So M is a Noetherian R-module. We define the mappings µ n : M → L by
for all positive integer n. An inspection will show that µ n is an L-fuzzy submodule of M for each n. Then µ 1 ⊂ µ 2 ⊂ · · · is an infinite strictly ascending chain of L-fuzzy submodules of M , and M is not an L-fuzzy Noetherian R-module.
The Example 9 shows that the converse of Theorem 8 is not true. So a Noetherian module need not be an L-fuzzy Noetherian module, but we have the following theorem for multiplication modules. Proof. Let M be a multiplication module, and let µ ∈ L(M ) One can easily to see that µ = χ N , µ ∈ L(M ) and µ a = N for each 0 = a ∈ L.
On the other hand, (µ : χ M )(s) = ∨{r a (s) : r ∈ (N : M )} by [12, Theorem 4.5.2] and the fact that µ a = N for each non-zero element a of L. If there is no 1 = r ∈ R such that m ∈ rM , then
since N = M and 1 / ∈ (N : M ). Therefore,
which is a contradiction. So there exists r ′ ∈ R such that m ∈ r ′ M . Set A = {r ∈ (N : M ) : m ∈ rM }. If A = ∅, then for each t ∈ R with m ∈ tM , we have t / ∈ (N : M ). So (µ : χ M )(t) = ∨{r a (t) : r ∈ (N : M )} = 0. Therefore,
a contradiction. So we may assume that A = ∅. Then there exists r ∈ R such that m ∈ rM and r ∈ (N : M ); so N ⊆ (N : M )M . Thus M is a multiplication R-module.
Let M be an R-module. A submodule N of M is called prime if N = M and whenever r ∈ R and m ∈ M satisfy rm ∈ N then rM ⊆ N or m ∈ N . Let Spec(M ) denote the collection of prime submodule of M . We define V (N ) to be the set of all prime submodules of M containing N (so V (M ) = ∅ and V (0) = Spec(M )). If ζ(M ) denotes the collection of all subset V (N ) of Spec(M ), then ζ(M ) contains the empty set and Spec(M ), and ζ(M ) is closed under arbitrary intersections. We shall say that M is a module with a Zariski topology, or a top module for short, if ζ(M ) is closed under finite unions, i.e. for any submodules N and L of M there exists a submodule J of M such that V (N ) ∪ V (L) = V (J), for in this case ζ(M ) satisfies the axioms for the closed subsets of a topological space [13] . We recall that by [13, Theorem 3.5] every multiplication module is a top module. Now by [4, Theorem 4.5] and Theorem 10 we obtain the following theorem.
Theorem 11. Every L-fuzzy multiplication R-module is L-top module.
Radical of an L-fuzzy submodule
In [12] , the notion of L-fuzzy radical of an L-fuzzy ideal and its properties are given. We generalized their definition to any L-fuzzy submodule of an L-fuzzy module over a commutative ring.
Definition. Let M be an R-module and µ ∈ L(M ). Let P µ be the family of all L-fuzzy prime submodules of M containing µ. The L-radical of µ, denoted by rad M (µ), is defined by
First, we have the following lemma.
Proof. If P µ = ∅, then rad M (µ) = χ M , and hence (rad M (µ)) * = M . So we may assume that P µ = ∅. Let ν ∈ P µ . Then ν * is a prime submodule of M by Lemma 3 and µ * ⊆ ν * ; hence rad M (µ * ) ⊆ {ν * : ν ∈ P µ }. Let m ∈ {ν * : ν ∈ P µ }. So m ∈ ν * ; thus ν(m) = 1 for every ν ∈ P µ ; hence (rad M (µ))(m) = 1 by definition. It follows that m ∈ (rad M (µ)) * , so rad M (µ * ) ⊆ {ν * : ν ∈ P µ } ⊆ (rad M (µ)) * .
In view of Lemma 12 and [3, Theorem 3.6], we have the following theorem.
Theorem 13. Let µ be a nonconstant L-fuzzy submodule of M , and let {µ(x) :
Proof. By Lemma 12, it suffices to show that (rad M (µ)) * ⊆ rad M (µ * ). Let P be a prime submodule of M containing µ * . Then the mapping ν : M → L is defined by
is an L-fuzzy prime submodule of M by [3, Theorem 3.6 ]. Now we show that
Since by hypothesis µ(x) ≤ a, we must have µ(x) ≤ a = ν(x). Hence µ ⊆ ν. It follows that ν is an L-fuzzy prime submodule of M containing µ and ν * = P . Now, let x ∈ (rad M (µ)) * . Then (rad M (µ))(x) = 1, so ν(x) = 1 and x ∈ ν * = P ; hence x ∈ rad M (µ * ), and so we have the equality.
In [7, Theorem 2.5], it was proved that every proper submodule of a non-zero multiplication R-module is contained in a maximal submodule of M . Now we have the following theorem for L-fuzzy multiplication R-modules.
Proof. Let µ be a non-constant L-fuzzy submodule of M . So µ * = M and there exists a maximal submodule N of M such that µ * ⊆ N by [7, Theorem 2.5] and Theorem 10. Let a = ∨{µ(x) : x ∈ M }. We define the mapping ν : M → L by
One can easily to see that ν is an L-fuzzy submodule of M and µ ⊆ ν. Now we show that ν is a generalized maximal L-fuzzy submodule of M . Let ν ⊆ β and β ∈ L(M ). Therefore N = ν * ⊆ β * . So either N = β * or β * = M since N is a maximal submodule of M . Hence ν * = N = β * or β = χ M .
Definition. Let M be an R-module. We define the L-fuzzy radical of M , denoted by Jac(χ M ), to be the intersection of all the generalized maximal L-fuzzy submodules of M if such exist, and χ M otherwise.
Proof. If χ M = µ, then µ is contained in a generalized maximal L-fuzzy submodule ν of M . So χ M = µ + Jac(χ M ) ⊆ ν, which is a contradiction.
Here we have the following proposition that is a generalization of [7, Lemma 2.10] for L-fuzzy multiplication R-modules.
Proposition 16.
Assume that M is a faithful L-fuzzy multiplication R-module and let ζ be a prime L-fuzzy ideal of R, a, b ∈ L and r a x b ∈ ζχ M for some r ∈ R and x ∈ M . Then r a ∈ ζ or x b ∈ ζχ M .
Proof. Let ζ be a prime L-fuzzy ideal of R. Then by [12, Theorem 3.5.5] , for each r ∈ R, there exist a prime ideal P of R and a prime element c ∈ L such that ζ(r) = 1 if r ∈ P , c otherwise.
On the other hand, by definition, we have
Set K = {s ∈ P : rx ∈ sM }. First suppose that K = ∅. Then there is no s ∈ P such that rx ∈ sM . Hence ζχ M (rx) = c ≥ a ∧ b. It follows that either c ≥ a or c ≥ b since c is a prime element of L. We split the proof into two cases:
Since ζ(r) ∈ {1, c}, we must have ζ(r) ≥ a, and so r a ∈ ζ.
and so x b ∈ ζχ M . So we may assume that K = ∅. Then there exists s ′ ∈ P such that rx ∈ s ′ M . Therefore we have ζχ M (rx) = ∨ {ζ(s) : s ∈ R, rx ∈ sM } = 1 and rx ∈ s ′ M ⊆ P M . It then follows from [7, Lemma 2.10] and Theorem 10 that either r ∈ P or x ∈ P M . If r ∈ P , then ζ(r) = 1 ≥ a, and so r a ∈ ζ. If x ∈ P M , then x = r 1 x 1 + · · · + r n x n for some r i ∈ P and x i ∈ M such that i = 1, 2, . . . , n; hence
Thus ζχ M (x) = 1 ≥ b, so x b ∈ ζχ M , and the proof is complete.
In view of Proposition 16 and [4, Theorem 3.6] we have the following theorem. (2) µ = ζχ M for some L-fuzzy prime ideal ζ of R.
Proof. Let r ∈ R and η(r) = a for some a ∈ L. Then r a ∈ η and there exists m ∈ M such that ζχ M (m) < 1, since ζχ M = χ M . So m {1} / ∈ ζχ M ; hence r a m {1} ∈ ηχ M ⊆ ζχ M . Therefore r a ∈ ζ by Proposition 16. Hence ζ(r) ≥ a = η(r), and so η ⊆ ζ. The particular statement is clear.
Lemma 20. Let µ, ν be L-fuzzy submodules of an R-module M . If η is an L-fuzzy ideal of R, then the following hold:
Proof. (1) Let r ∈ (µ * : M ). Then rM ⊆ µ * ⊆ µ a for each a ∈ L. Therefore we have (µ : χ M )(r) = ∨ {s a (r) : s ∈ R, a ∈ L, s ∈ (µ a : M )} ≥ ∨ {r a (r) = a : a ∈ L} = 1.
Hence r ∈ (µ : χ M ) * , and the proof is complete.
(2) Let m ∈ η * µ * . Then m = n i=1 r i m i for some r i ∈ η * and m i ∈ µ * such that i = 1, 2, . . . , n. Therefore, 
Conclusion
Letting L − ζ(M ) = {V (ηχ M ) | η ∈ LI(R)}. R. Ameri and R. Mahjoob showed that L − ζ(M ) induces a topology which is called Zariski topology if and only if M is an L-top module. By following them we define L-fuzzy multiplication R-modules and we show that every L-fuzzy multiplication R-module is an L-top module. Also we find a connection between the L-fuzzy multiplication R-modules and the multiplication R-modules.
